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The Kosterlitz—Thouless Phase Transition in
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A hierarchical version of two-dimensional lattice Coulomb gases is investigated.
For > f.=8x there is a locally stable line of fixed points for the renormaliza-
tion group (“block charges”) transformations. For > f, (B, < f.< 3n8.), these
fixed points are globally stable. As a consequence we show that there is no
screening of external charges for any activity if f> f.. At B. a supercritical
bifurcation takes place and we investigate the behavior of the model for § < 8.
to show a weak form of screening.

KEY WORDS: Kosterlitz-Thouless; Coulomb gas; hierarchical model;
renormalization group; screening; stability; bifurcation.

1. INTRODUCTION

It is well known®) that two-dimensional lattice Coulomb gases exhibit
a Kosterlitz—Thouless phase transition, which is characterized by the
existence of a critical temperature i, such that for § < f, the systems dis-
play Debye screening of fractional external charges and for §>f,. no
screening takes place.

Already in the early attempts at understanding the phenomenon
renormalization group (RG) techniques were recognized to be of
relevance."?) Even the rigorous proof, by Frohlich and Spencer,® of the
low-temperature behavior of the systems (f> f.) makes strong use of
renormalization group ideas.

For < f., Debye screening was proved in ref. 13 using earlier results
by Brydges and Federbush."¥ Practically nothing is rigorously known
about the behavior of the systems around f,.
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This paper is part of a program initiated in refs. 5 and 8 aiming
at a fuller understanding of the Kosterlitz—Thouless scenery using RG
techniques.

As usual,®” our initial step is to consider a hierarchical version of the
model. This is the content of the present work.

Our hierarchical model is defined by the replacement of the “lattice”
Coulomb potential by

1
Vilx, y) = =5 Ind,(x, ) (L1)

where d,(-,-) is the “hierarchical distance function” first introduced by
Bleher and Sinai® and defined below. With this modified Coulomb poten-
tial we consider a family % of Coulomb gases with different a priori charge
probability distributions A which are mapped into each other by RG trans-
formation R: &% — %

A— i =RA (1.2)

corresponding to the formation of block charges. In contradistinction to
refs. 3 and 8 we work directly with charge configurations, no use being
made of the so-called sine-Gordon representation.

The trivial fixed point A, in this picture corresponds to the vacuum
theory, ie., the model with charge zero with a priori probability one. In
this situation there is obviously no screening and our first result is a proof
of the stability of this trivial fixed point for §> f,.=8xn. As a consequence,
we are able to prove that for > . and A close to 1, (in a suitably defined
topology) there is no screening. The condition 1 “close” to i, amounts to
a small activity condition. We also show that there exists §, > B. such that
the results holds for all 1€ # (not necessarily close to A,!).

It is interesting to remark that for > g, all directions in # around
Ao are irrelevant and this feature simplifies very much the mathematical
treatment of the problem.

At = a supercritical bifurcation takes place: the trivial fixed point
becomes unstable and a nontrivial line of fixed points appears with a
different long-distance behavior of correlation functions. We prove that for
e=(B,.— B)"* sufficiently small, these fixed points describe theories with a
weak form of screening of Coulomb potential of external charges

1

) Ind,(x, y) (1.3)

VH(xs y)_> -

where C(g) > 2n for ¢> 0.
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This screening for <8, is not exponential and this is a feature of
hierarchical models (see, for instance, ref. 6, Exercise 2, Chapter 4).

The bifurcation at f=f, is that of a simple eigenvalue and owing to
the simplicity of the Banach space & where R acts, it is possible to apply
the beautiful construction described in Crandall'!’ of the bifurcating fixed
point. The simplicity of our methods should be compared to the technical
difficulties involved in the analogous e=4—d expansion for the Ag*
hierarchical theory (see refs. 9, 10, and 12).

The hierarchical version of Coulomb gases we consider here has been
independently proposed and discussed in refs. 5 and 8. Some of our results,
namely those in the region f> f, and small activity for the standard gas
(see Section 2 for definition), were also obtained in ref 8 with a different
approach. With our methods, based on the stability analysis of the trivial
fixed point, we are able to obtain global stability for §> B, and construct
the nontrivial stable fixed point for f<8..

This paper is organized as follows. In Section 2 we introduce the
family # of models to be considered. In Section 3 we describe the action
of the RG transformation and prove the stability of the trivial fixed point
for B> .. In Section 4 we discuss the asymptotic behavior of correlation
functions for § > B, showing that they are governed by the behavior of the
stable fixed point. In Section 5 we discuss the bifurcation and the screening
properties of the nontrivial fixed point.

2. THE MODEL

A configuration ¢ of the system enclosed in a finite volume 4 =72 is
an assignment of an integer charge g(x)eZ for each xe A. The energy
E ,(g) of a configuration is given by

EAD)=%q Vug)= Y q(x)Vulx, y)q(y) 2.1)
where ’
1
Vulx, y)= — by Ind,(x, y) (22)

and d,(-, -) is the hierarchical distance function defined as follows.
Let L>1 be an integer; for x, y € Z* we define

N.(x, y)=inf{N > 1, Ninteger: [L~"x]=[L "y]} (2.3)

where for ze R%, [2]eZ? and has as components the integer part of the
components of z. We then set

di(x, y)= L= (24)

822/55/1-2-10
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Notice (a) the long-distance behavior

d(%y)_, 25)
Ix—yl>o |X— Y|

and (b) the behavior under scaling

d,(Lx, Ly) = {L i ox=y (2.6)

Ld,(x, y) otherwise

The unnormalized a priori probability distribution of charge con-
figuration F,(g) is determined by a charge activity function i: Z - R, 1 =0,
through

Fig)=[] Xq) 2.7)

xed

where 4 is going to be chosen in a suitably defined class & of acceptable
functions, to be later specified.

Due to the usual infrared problems,!”’ we shall consider only neutral
configurations g, ie., Y., g(x)=0. The Gibbs measure uj") at inverse
temperature f§ is given by

FA(‘]) e PEAq)

/‘;JAA)(‘]) =) (2.8)
=g A
with
Efl= Y Fyg)e P (29)
q:3 q(x)=0
The usual choices for 4 are:
(a) Hard-core gas, with particle activity z:
’lhc(q)zéq,o—'_z(éq,l +5q,71) (210)
(b) Standard gas, with particle activity z:
Aslq)=1,(2z) (2.11)

where I, denotes the nth modified Bessel function.
(c) Villain gas:

Av(g)=1 (2.12)
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For this model the partition function is not well defined, since
E{"), = o0, but we shall be able to provide a natural definition by a limiting
procedure.

The reason why we consider 4 belonging to a more general class % of
models is due to the fact that block charge RG transformation as defined
below will map A - 1'e &, with 4'# 1 in general

3. RENORMALIZATION GROUP TRANSFORMATION AND THE
TRIVIAL FIXED POINT

Our RG transformation involves, as usual, ') two steps: integration
over fluctuations and rescaling back to the original lattice. To that extent
we introduce the rescaled block charge configuration gg:

gs(x)= Y q(Lx+y) (3.1)

O yi<L
i=1,2
The effective probability distribution of {gz(x), xeZ*} may then be
computed as follows.
We first notice that, due to the property (2.6),

1
E(@)=3 Y q4(x) Vilx, y)q(p)
1
=EAN,1(¢IB)—Z‘7EIUL Xéy q5(x) q5(y) (3.2)

where Ay = {[ LY, LY — LN~ "Ix [ LY, LN - LN~ '] nZ?}.
Neutrality then yields

1
Ei@)=Eq (qs)+ - InL Y [g5(07? (33)

xeAdy_

The joint Gibbs probability distribution of {gz(x), xe Ay_,} is then
obtained from (2.8) after summation over g keeping g fixed. It is given by

1
n§8 g 8) = =iy Filg) expl — BE 4, (45)] (34)
Hﬂ,ll
where
N(g)=L ¢ 5 J(g,)--- Aqpe) (3.5)
Gl s GL2

3 aqi=q
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Notice that apart from the volume change, A, — A,_,, the joint
probability distribution of {gz(x), xe 4, _,} is again of the type (2.8) with
A replaced by A"

We are thus led to investigate the transformation 41— 1"

A =my (Axdx--x Ay=m, (A*5) (3.6)
L? times

where the convolution product * in (3.6) is defined by

g = >  flg:) g(g2) (3.7)

q,q2€Z
qi+a2=9q

and m,,, is the multiplication operator by the function ¢

(my, )q)=04(q) f(q) (3.8a)
with
04(q) =L~ Pme (3.8b)

First of all we notice that the transformation 4 — A’ is well defined if
AelNZ), ie., 1Ay =2 ,cz |A(g)] < co0. Moreover, if 2e/'(Z), 1’ is also in
/,(Z) and, by Fubini’s theorem,

I < logho 41T = (120D (3.9)

We are interested only in the subspace /}(Z) of even distribution
Mq)=A(—q). Notice that A ell(Z) if Aell(Z). There is no loss of
generality in considering only those A€ /}(Z) such that (0)#0, since this
will be necessarily the case after the first iteration: if A #0, then

2(0)=]2*23>0 (3.10)
In order to avoid the annoying appearance of zero modes upon

linearization of (3.6), we shall redefine the transformation by introducing a
normalization factor N(1):

2= [1A*(0)] m,, (A*F) = [1/N(A)] m,(A*F) (3.11)

with this choice, made possible by (3.10), we have

A0)=1 (3.12)
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Therefore there is no loss of generality in considering the affine subset

of IX(Z), #, given by
={AelNZ). (0)=1} (3.13)

From the above discussion it is clear that for the redefined map (3.11),
AeF flesF.

The transformation (3.11) has a trivial point 1, % given by
1, qg=0

3.14
0, g#0 (314)

10(4) = 54,0 - {

Moreover, an arbitrary element A€ % can be uniquely decomposed as
A=Ag+y (3.15)

where y belongs to the subspace 4 of IX(Z):
G ={xel(Z): x(0)=0} (3.16)

Therefore the transformation (3.11) maps A=4,+y x€% to
A'=Ag+y with y' € % uniquely defined. For simplicity of analysis we shall
often consider the unphyswal” case L?>=2, in which case the transforma-
tion r: (g, B)eg xR, -y =r(y, B)e¥ is given explicitly by

20+ X0+ 0= X(q1) x(42)

1'(q)=p(q) SN (3.17)
or ?
2 *
r( B)=x = w,,% (3.18)

The trivial fixed point in % for the map r is the point 0. Its stability
can be readily analyzed by considering the linear approximation /: 4 x
R, - % of r around 0. It is given by a kernel [, of /= dr(0, f),

(@)=} Lgxd q#0 (3.19)
qg'eZ
where
L,y =L 6rnds (3.20)

The eigenvectors of [(f)=4dr(0, ) are ¢,(q)= (1/\/5)(5];,,+ 0, ok
Jj=1,2,.., and the associated eigenvalues:

w;(f)y= L~ 7 (3.21)
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The spectrum of /() is the closure of {w;(f), j=1,2,..} and so for
f>p.=8n, all ecigenvalues (and the whole spectrum) are inside the unit
circle in the complex plane.

We are therefore in a position to apply Lyapunov’s linear stability
Theorem™® to conclude local stability of y, =0 against small perturbation
in the initial condition.

Theorem 3.1. Let > f.=8n; there is p(f)>0 and 5(f) <1 such
that

IFCr, By < 0™ flxl (3.22)

for yed, xlli <p(B).

Remark 3.2. For the hard-core gas, |x||, =z and for the standard
gas, llxli=23,51 [1,(22)/1(22)] =0(z%) for z~0. Therefore, for these
gases the condition |x||; < p(f) is verified in the small-activity region.

For f>f. a much stronger result holds: the trivial fixed point is
globally stable.

Theorem 3.3. There exists f.>f,, with f_<3nf,, such that for

B>B.,
X(”) = r('l)(x, ﬁ) m—) 0, VX €9 (323)

Proof. Let us for simplicity present the proof for L? =2. From (3.18)
it follows that

2 ll@plla lxlla+ gl Ik * xll o
1+ )1xl3

2 [lxll2 + lixli3
L+ 03

[P FES

< ”(Pﬁ”I

2

1+;2 <3 [logll = R(B) (3.24)

< llogll; sup
az20

Therefore we may assume without loss of generality that |x||; < R(f).
Inserting this again in (3.18), we obtain
Izl <2 logll oo 2+ N@glly N2l
SQ2Ueplew+3 loght) Il

on?

1
<<§+“E‘) il s (3.25)
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Remark 3.4. (a) The proof can be easily adapted to provide better
upper bounds on f,.. (b) For f 28z the transformation r(y, B) is not a
strict contraction, as dr(y, ff) has an eigenvalue with absolute value bigger
than one for y not too far from 0.

Remark 3.5. The stability of the trivial fixed point for > 87 means
from a physical point of view that the a priori probability of finding
charged blocks goes to zero with the size the block going to infinity.

Remark 3.6. The Vilain model. This model can be considered as the
limit k — oo of the model
Adg)= {

L lglsx

0, ] > x (3.26)

A.€F and so we can construct A, as defined by (3.11), with the following
properties:
LO)=1  A4elZ);, A9l <eu9) (3.27)

and lim,_, , A.(q)=21}(q) exists and is finite. Therefore A} exists and
belongs to #.
Theorem 3.3 thus implies that for > g, A% -, .

4. ABSENCE OF SCREENING FOR B > 8m

In this section we discuss how the electrostatic potential between two
far apart external charges is affected by the presence of the gas. To do that,
we consider for a given distribution y of fractional external charges

v 22— (—1/2,1/2)

72 —1/2,1/2 “h
xeZ*—y(x)e(-1/2,1/2)
the correlation function
ZE0)
G§"(y) = 25~ 42
T (42

where Zf)(y) is defined by the same expression (2.9) for Z%)(0)=£Y!)

with E ,(q) replaced by

1
Eq+v)=5 Y [a(x)+y(x)] Valx, »)a(y) +7(»)]
=EN+EA)+ X q(x) Vilx, y)p(») (4.3)

x,yeA
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We first notice the “easy” bound

G(BA)(V) > e —PEAW) (4.4)

This follows as in ref. 17 from (4.3), from A(q) =A(—q) and Jensen’s
inequality.

Let us restrict our attention to the case when yp(x) describes two
external charges +y at x, and —y at y,:

+ Vs X=Xy
Wx)=< =7,  x=Jo (4.5)
0, otherwise

with 1< [xo— yol < L™ In this case (4.4) implies, for any §,

() 2
_ EI_HM_Q_ (4.6)
BInd;(xy, yo) 2r

We shall now prove the opposite bound:

1 InG§(y) _y° -1
B 5072t Ol i, y0)1 ) (47)

which holds if either f>f,. and 1~ 4, (small activity) or f> f,. with no
restrictions in e #.
From (4.6), (4.7), and (2.5) we can conclude that

(A) 2
lim 1 GGy v (4.8)

lxo—yol -0 BInd (x0, yo) 2m
i.e., the asymptotic behavior of the electrostatic potential between two
external (noninteger) charges is not affected by the presence of the gas.

To prove (4.8), we perform renormalization group transformations
both in the numerator and denominator of (4.2). In the numerator the two
charges +7y are initially in different blocks and after a number n,=
log, d;(xq, yo) of iterations they are brought to the same block. Before this
happens, ie., n < ny, we must discuss transformations of the type

1
lf,")(q)=WL%BM”)(‘”")Z(/{(”'” x---x AT D if,"‘“)(q) (4.9)

"

with =0, +y, A{?=A", and A{”=A. The choice #=0 corresponds to
those blocks without external charges; # = +y corresponds to those blocks
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with charge +y. When N0V =[A""Yx...x J0~ D% J=17(0), N = N™
(independent of #!).

For n=n, the two charges get into the same block, canceling each
other. Further renormalization group transformation, involving this block,
Le, n=ny+ 1, is described by

A 1 -
ANy = LA x A0 D P 0)(g)  (410)

with

m
Tlmo+1) (no) (m) o 7 (n0)
A N(”°+1) (AT s - A0 5 A1) (4.11)

The main result of this section, inequality (4.7), is a consequence of the
following lemmas.

Lemma 4.1. Let 1€ 4% satisfy the assumption of Theorem 3.1 for
B> B, or Theorem 3.3 for 8> B.. Then, for n<n,,

143712 < Cilogn)]” (4.12)

where C is a n-independent constant.

Proof. For simplicity we consider L?=2 only. By the Hausdorff~
Young inequality

1AM < (- +m)AT D % AT D),
Slog(-+mllo 147D % 277Vl
< @p(m) 12"V 14577Vl (4.13)

Now [[A”~ V), <1+ """ from Theorem 3.1 or Theorem 3.3 and so
125702 < @)1+ 6"~ 1) A7), (4.14)

where 0 < § < 1 as given in Theorem 3.1 or Theorem 3.3.
Iterating this bound, we get

14305 < CiLop(m)]”

Lemma 4.2. Let 1e & satisfy the assumptions of Theorem 3.1 for
B> B. or Theorem 3.3 for > f,. Then for n>n,

1A0(0)] < € 12§+ 1(0)] (4.15)

where C, is an n-independent constant.
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Proof. We start from

n—1
IAMO0) <A D)+ Y [AYTP(0)—AP(0)) (4.16)
Jj=np+1
Since
2;j+ 1)(0) =_]_V_(m (/‘L(j) * z;j))(o)
|29+ D(0) — AP(0) < [[(AV = A) x 29](0)]
= (Y« I")0) <& 1AV o, (4.17)
Now

1290 < 12970 5 290,
<AV DN YVl < (146771 JAY )
<G A0V < s 295+ 279,

<Gy [AG1 12792 =C5 |Ay2I5 = C5 127 D(0)]  (4.18)

by the Hausdorf-Young inequality and Theorem 3.1 or Theorem 3.3.
From (4.16)—(4.18)

n—1
1209(0)] < (1 +C; Y 5f) | A0+ D(0)|

J=ng+1

< C, |40+ (0)) (4.19)

We are now in a position to state and prove the main result of this
section.

Theorem 4.3. Let 1 satisfy the assumptions of Theorem 3.1
for B> B, or Theorem 3.3 for B> f.. Then, there exists a constant C
independent of N such that

G§™(y) < CLd,(xo, yo)] ~ "7 (4.20)
Proof. We first notice that
G (y) = A0(0) (4.21)
From Lemmas 4.2 and 4.1

|GEV()] < C, 127 D(0)]
<CiColop(y)17° QED (4.22)
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5. BIFURCATION AND WEAK SCREENING

At B=f, a simple eigenvalue w,(f) of /() =dr(0, B) crosses the unit
circle and we can then use bifurcation theory to show that a stable line of
nontrivial fixed points appear for § < 8xn. Although the potential between
two external fractional charges remains logarithmically confining, due to
the hierarchical “disease” mentioned in the introduction, it becomes weaker
than that for the trivial fixed point.

Following Crandall,*? we first introduce 4= {ye¥%: y(1)=0} and
define

FRxxR, »%
(1/e)[r(e(e; + y), By —tle, + )], t#0
[dr(0, B)—11(e; + y), t=0
Notice that F is continuous in te R.

We now show that the hypothesis of the implicit function theorem are
satisfied, so that the equation

F(t, 3, ﬁ)={ 5.1)

E(t, 9, 8)=0 (5.2)

defines for ¢ in a neighborhood I of 0, continuous function g,€% and
f.eR,, with g,=0, f,= B, satisfying F(1, g,, f,) =0, 1€ I Therefore y,=
t(e, + g,) is a nontrivial fixed point at temperature f,. Since f§,< 8., for
t # 0 we have a supercritical bifurcation and this will imply stability. These
statements are made precise in the following result.

Theorem 5.1. Consider the function F given by (5.1); there exists
then a neighborhood V=¥ xR, of (0, §.), an open interval [=(—a,a) < R,
and continuous functions

5 (I-R, {I- g
(S OIS vl
with
(@) fo=B.. 2=0
(b) F(t,t(e,+g),)=0, Viel
Moreover, every solution y#0 of r(y, §)=0 with (y, B)e V is of the type

(t(e; + g,), B,) for some tel For |f| sufficiently small the solution A=
t(e; + g,) is asymptotically stable.

Proof. As discussed in ref. 11, it is sufficient to check the assumptions
of the implicit function theorem.

(a) dr(y, B) and (0dr/0B)(y, B) are both continuous in ¥ xR, .
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(b) The kernel of dr(0, B.)—1=m(0, B.), {x€%:dr(0, .)x=x}, has
dimension 1 and the codimension of the range of m(0, f.) is one.

8
(c) [6_/§ dr(0, BC)] e =oe +y (5.3)

with #0 and ye 4.

Part (a) follows from an explicit computation for dr(y, f). Part (b)
follows from (3.19) and (3.20). Also, dr(0, B) e, = L>~#/*"¢, and part (c)
follows.

In order to investigate the stability of fixed points y,, f € I, we consider
the expansion of §, and g, around r=0 for L>=2:

- L, 4
fi=p.| 1 -z 7+ 00" |

(5.4)
_ e 2+ 0(th
ST N
The above expansion corresponds to the usual ¢ expansion for Ag*
theory in dimension d=4 —¢. Therefore some 0 <b<a

B,<B. for |t|<b (5.5)

This means that we have a supercritical bifurcation. From the analysis
in ref. 11 (Theorem 3, pp. 30, 31) we can conclude that the line y, of fixed
points is stable for 1| <b. QED

Next we analyze the screening properties of the line of fixed points y,
for [¢| sufficiently smalil.

Similarly to what was done in Section 4, for n<n, we are led to
consider the transformation
m(m(/l, ERRRE I Z.f,"f D)

A0 —
~ (lt**lt*it)(o)

(5.6)
where A% =1, and A, = Ao+, =40+ t(e; + g,). As before, m, is the multi-
plication operator by the function f, and

@.,(q) =L~ P0G+ (5.7)

g, and f, are given by Theorem 5.1.
The map A% — 1"V defines a linear operator M, ,: [,(Z) - [,(Z):

A A =M, ) (5.8)
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Up to order 7 (and for L?>=2) the matrix elements of M, are
given by

: ?.,(q) 1
Mt,y(q, q ):m(—ﬁ—) I:(Sq)qr +—'ﬁ (5q,q’+l +5»q,q’71)t+ O([3):] (59)

and its eigenvalues u,(z,y), i€ Z, and eigenvectors f;(t,7), i€ Z, can be
computed explicitly [the numbering f;(z, y) is chosen so that £,(0, y)(¢) =

0= fi(@)]:

wit, 7)= (Pt,v(i) {1 + [% (Ci,i+1 + Ci,i~l)— 1] tz} + 0(t4)
. (5.10)
fi(t, V)=fi+_\/_5(ci,i+1fi+1+ci,i-1 1)1+ 0(2)

where
(p 1, v(])

cy_zc,,-(t,v)=m

Therefore the eigenvalue with largest absolute value is
1
plt )= 0O {1+ 3o, + D=1 [Pl =000 K, (51

where K, >0, K,=0, so that p(s,0)=1.
The {fi(t,7), ie Z} form a basis in /,(Z) and writing 1, =Y, a, fi(1, 7),
we obtain

A=Y o1, )1 fi(r, y) (5.12)

ieZ
For n>ny+ 1 we are led to consider the map
My oAy ok A% 10)
(A, %% 4, % 4,)(0)
Mgo(Ae % ok A9, % A7)

(A, %% A, % 4,)(0)

igny-e— 1) _

(5.13)

o+ 1
RS

Therefore the leading contribution to G¥'(y) is given by [uo(z, 7)1,
Le.,

—In GE™(y) (ﬁ,y2 2K, 12
2n In2

e~ ) 0 ER) (5.14)

where |¢ .| <e <1, Vn,, N, and y, which establishes our result.
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With little extra effort one could establish along the same lines of Sec-

tion 4 weak screening not just for the fixed point, but also for A sufficiently
close to 4,.

A
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